We analyse a modified Dirac equation based on a noncommutative structure in phase space. The noncommutative structure induces generalised momenta and contributions to the energy levels of the standard Dirac equation. Using techniques of perturbation theory, we use this approach to find the lowest order corrections to the energy levels and eigenfunctions for two linear potentials in three dimensions, one with radial dependence and another with a triangular shape along one spatial dimension. We find that the corrections due to the noncommutative contributions may be of the same order as the relativistic ones.
Introduction
In recent years, most of the theories that attempt to describe the universe at the quantum level had experienced significant developments; among them, we find string theory, quantum loops, spin foams and theories based on noncommutative geometry. All of them give us insight on the issue of how to unify general relativity with quantum theory.
On the other hand, grand unification theories have remarkable features and to be able to distinguish the main characteristics of each of these theories, we have to take into account the phenomenology of quantum gravity. For this purpose, we may use certain types of astrophysical phenomena in which we can detect individual variations in their energy or in their observation time that are natural consequences of the theory. Indeed, there are indications that this type of situations may be present in phenomena such as the GZK cut-off where variations of the relationship between energy and momenta exist [1] , or a generalised uncertainty principle comes into play [2] . This class of phenomena will also help to infer if specific features of some theory of quantum gravity are having a non-trivial influence at low energies as pointed out in [3] .
The introduction of a minimum length scale is a structural feature within some theories of quantum gravity [4, 5, 6] . The existence of a minimum length is intimately related to generalised uncertainty principles [2, 7] or as a consequence of a modified energy-momentum dispersion relation [8, 1] . The concept of generalised momenta incorporates into a theory, a minimum length in a straightforward way and hence, quantum gravity effects up to a certain extent.
For these reasons, we consider a modified Dirac equation along the lines of [2] . Since the Dirac equation is an essential pillar within particle physics and solid-state physics, it is interesting to analyse a modification to this equation using the formalism of generalised momenta. Generalised momenta satisfy commutation relations in phase space that are analogous to those first introduced by Snyder [9] ; they are seen as more fundamental, reducing to the standard momenta in a specific limit. In our work, we consider that the commutators involving coordinate and momenta operators depend quadratically on the momenta; this specific dependence is the result of a noncommutative theory where a minimum length exists. Then, generalised momenta incorporate quantum gravity like-effects in a semiclassical way. For convenience and also for computational purposes, we consider potentials that depend linearly in one coordinate variable. More specifically, we work with a linear radial potential in spherical coordinates and with a triangular linear potential along the z-axis in Cartesian coordinates. Both potentials are discussed in detail in the literature mainly because of their relevance in particle physics, as illustrated in confinement models of quarkonium [10] , and also in connection with solid-state physics where this class of potential is used to model the interaction of an electric field inside a metal [11, 12] . Furthermore, these potentials are suitable for a perturbative approach of energy levels based on the exact solutions of the associated Schrödinger equation [13] ; the use of the large and small components of the Dirac equation, after some algebraic manipulations, leads to closed expressions for the perturbative corrections.
We use generalised momenta in our approach as an attempt to find quantum gravity likecorrections that may be susceptible to observation at low energies. We should mention that modified Dirac equations that incorporate the breaking of Lorentz and CPT invariances also exist in the literature; when applied to quantum systems like the hydrogen atom [14, 15, 16, 17, 18] , they lead to modified dispersion relations and modified energy levels.
Our work is structured as follows. In Sec. 2, we review the implications of a Generalised Uncertainty Principle (GUP) and its relation with a minimum length scale. We also briefly review in Sec. 3 the perturbation theory for the Dirac equation and we extend it in Sec. 4 to the case of generalised momenta, finding the first-order corrections to the energy levels. In Sec. 5, we apply this approach to the specific cases of radial and triangular linear potentials. In the Conclusions section, we comment on these results and give some perspectives on future work.
2
Generalised phase space and minimal length scale
Generalised phase space operators are a consequence of GUTs and quantum gravity effects where it is natural to consider generalised momenta; one of their main consequences is a modified dispersion relation where the relativistic energy get corrections involving quartic or higher powers of the momentum. The structure for a generalised momentum operator is [3] 
where a 0 , b 0 are arbitrary constants, E p is Planck's energy, p i is the standard i-th momentum operator and p := i p 2 i ; we now define
2)
The constants a, b are suppressed by Planck's energy and therefore, we assume them to be small in the following; the generalized momentum operator is then
Accordingly, we also define a generalised coordinate operator as 4) where the coordinate operators x i satisfy the standard commutation relations
The generalised operators (X i , P j ) are seen as more fundamental than the operators (x i , p j ); they reduce to the latter when a, b → 0. It is straightforward to see that these generalised operators satisfy the following commutation relations
The right hand side of these commutators becomes a function of the generalised coordinate and momentum operators once we invert Eqs. (2.3) and (2.4). A direct and interesting consequence of the above relation is the existence of a minimal length scale ℓ min ; to see how this length scale arises consider the one dimensional reduction of Eq. (2.6), namely
From the definition of the generalised momentum P, we obtain 8) to linear terms in b and quadratic terms on a. Therefore, up to these orders, Eq. (2.7) becomes
Using now the Heisenberg-Robertson uncertainty relation [19, 20] ∆X∆P
where the bracket indicates an expectation value of the corresponding operator. If we set b = 2a 2 , we obtain the Generalised Uncertainty Principle (GUP) proposed in [7] .
To find the minimal length scale, we first replace P → ∆P and
This GUP is saturated when 13) and for a minimum for ∆X to exist, we need that
Assuming 3b − 2a 2 > 0, we obtain the value (∆P) ext = (3b − 2a 2 ) −1/2 ; in consequence the minimal length scale is
The scale length is always positive provided that b ≥ a 2 . We finally mention that using the Schrödinger representation for the operators x i and p i , we obtain a representation for the generalised operators X i and P i ; when writing the Dirac equation with generalised momenta, this representation may be helpful.
Perturbation theory for the Dirac equation
In this section we fix notation and also review the perturbation theory for the Dirac equation [13] that we shall use later. We consider first the Dirac equation with a scalar potential V in the form
where
with 1 2×2 the unit matrix of dimension two, σ k the Pauli sigma matrices and x µ = (ct, x); ψ is the relativistic wave function. Multiplication by β := γ 0 and the definition
Defining now the momenta p i := −i ∂ ∂x i , we have the Dirac equation
with a scalar potential V [21, 22] . For time-independent potentials, this equation becomes
We now introduce hermitian projectors β ± according to
and we rewrite the Dirac equation as
where E n := E − mc 2 and we redefined βV → V . This form of the Dirac equation is suitable to perform perturbation theory as pointed out in [13] , where V should not necessarily be small but rather we only need to identify a suitable constant associated to our physical system as the perturbation parameter. For this purpose, the unperturbed system is defined by the equation
If we make the decomposition ψ n := (φ
are the large and small twocomponent spinors of ψ n , we have
We obtain then a system of coupled equations for the large and small components
that is equivalent to the relations
The large component φ 
where λ is a perturbation parameter, and substitute of the series development 14) in the previous expression, we arrive to a set of coupled equations for the perturbations; to zero order on λ the relevant equation is 15) and to first order
By choosing the normalization of the unperturbed wave function ψ
n as
we obtain the correction to the eigen-energies E
n to first order on λ as [13] 18) where the second equality follows from the hermitian character of β − .
The Dirac equation with generalised momenta and perturbation theory
We now extend the results in the previous section when using generalised momenta; we choose the latter as
Here a is an arbitrary small parameter; in the context of quantum gravity, we may identify a 2 = l P 2 where l P is Planck's length. a minimal length. Notice that no quadratic dependence on the standard momentum operator p is present; as we illustrate below, this choice has the advantage of allowing explicit calculations for the noncommutative contributions. According to the discussion in Sec. 2, we have a noncommutative structure in phase space and a minimal length scale in our model if a 2 = 0. We write the time-independent Dirac equation with generalised momenta as
or in terms of the standard momenta p i
In this form, we have a modified Dirac equation where the third term inside the brackets provides corrections from a noncommutative structure of phase space due to a quantum theory of gravity for instance.
To apply the perturbative approach of the previous section to Eq. (4.3), we rewrite it using the projectors β ± as
where H 0 is defined in Eq. (3.8). The terms involving β − and a 2 are then perturbations; accordingly we write
and consider a series development as in Eq. (3.14). It follows that the first order corrections to the eigen-energies are
At first sight, we need to evaluate some derivatives of the wave function to determine this quantity completely, in particular for the second contribution in Eq. (4.6). We now proceed to this calculation; from the Schrödinger equation satisfied by φ (0)+ n , we have
and recalling the relation between large and small components in Eq. (3.12), we calculate then
Interchanging p 2 with (σ · p) in the last expression leads to
where we used (σ · p)(σ · p) = p 2 together with the Schrödinger equation satisfied by the large component φ (0)+ n . With this result, we obtain for the expectation value
Since p 2 and (σ · p) are hermitian operators, we can simplify the above expression as follows
In consequence, the perturbation E (1) n has the final form
This explicit result for the perturbation on the energy shows that the evaluation of derivatives of the wave function or the potential V is not required for this quantity; the presence of only a linear and cubic dependence of the generalised momenta on the standard momenta is relevant here.
Applications
Having determined the first order corrections to the energy eigenvalues for the Dirac equation in the presence of generalised momenta, we now turn to the application and explicit calculation of the perturbative corrections for the specific case of scalar linear potentials. As mentioned in the Introduction, these potentials are of significance within the context of quark confinement, solid state and condensed matter [23, 24, 25] . We introduce these potential in the Dirac equation as scalar potentials instead of vector potential [21, 26, 22].
Modified Dirac equation with linear radial potential
As a first example, we recall that in spherical coordinates (r, θ, φ) the Schrödinger equation
with a linear radial potential V (r) = qr becomes the equation
with the substitution Ψ(r, θ, φ) = φ(r)Y lm (θ, φ)/r. Analytic solutions exist for l = 0 and numerical solutions for other values; in the former case, we have [27] φ n (r) = Ai(z),
where z n < 0 is the n-th zero of the Airy function Ai(z). Furthermore, the energy eigenvalues are 4) and they are always positive. The normalised wave function is then
Consider now the Dirac equation with generalised momenta in the presence of the linear radial potential. According to the perturbation theory developed in Sec. 4, we write φ
T for the large component and E (0) n = −q 2/3 z n /2 1/3 for the unperturbed energy eigenvalues. With these identifications, we calculate first
where we used
We now proceed to the calculation of the small component φ (0)− n ; using spherical coordinates, we have 
The first order correction to the energy eigenvalues is then
Since z n is always negative, we have that this correction corresponds to a total energy eigenvalue smaller than that of the unperturbed case. Furthermore, the contribution due to the generalised momenta is always negative; if a ∼ c −1 , then this contribution is of the same order as the relativistic one for small values of n but becomes an order higher as n increases. 
Modified Dirac equation with triangular potential
As a more complex problem, we consider the case of a triangular potential. Recall first that the Schrödinger equation with one-dimensional triangular potential along the z-axis is [11] 12) where Θ(w) is the Heaviside function, is solvable in the real line; due to its invariance under z → −z, it suffices to discuss the solutions in R + only. For the interval 0 < z < L the wave function is 13) where Ai(w), Bi(w) are Airy's functions of the first and second kind; in the previous expression we have
14)
There are even/odd parity wave functions defined respectively by the constraints [11] c a Ai 15) where ζ 0 is the value of ζ at x = 0. On the other hand, when L < z, the wave function is
The matching conditions for ψ and its derivative at z = L, or equivalently at ζ L = ζ 0 + v 1/3 0 , allow us to determine the eigen-energies as [11] 
The value ζ 0 in the previous expression is found by solving the transcendental equation
for even/odd parities respectively. Furthermore, we can also determine the relation among the different constants c a , c b and c; for even parity we have 19) while for odd parity
The constant c a is then fixed by the normalisation condition
Consider now the three-dimensional situation where the scalar potential in the three-dimensional Dirac equation is
where V 1 (x), V 2 (y) are infinite potentials of width L x and L y respectively, and V (z) is the same as in Eq. (5.12). We write then the large component of the relativistic wave function to zero-order as
where ξ is a bi-spinor 1 , ϕ (0)+ n (z) encodes the dependence on z, and p x := nπ/L x , p y := mπ/L y , n, m ∈ Z. It follows that the equation satisfied by ϕ
Therefore, we have as solution
where ǫ n := 2mL 2 E n / 2 . On the other hand, in terms of E and E ⊥ , the first order correction becomes
Conclusions
Using the notion of generalised momenta, we analysed a modified Dirac equation in the presence of linear scalar potentials. For this purpose, we applied a suitable form of perturbation theory; a parameter a encoded the higher than quadratic dependence on the momentum introduced by the generalised momenta. The corrections, relativistic and generalised, involved the small and large components of the relativistic wave function.
To exemplify our approach, we discussed the case of linear potentials. In a first instance, we analysed a radial potential in three dimensions in the specific situation of zero angular momentum; this potential is useful in the context of quark confinement and analytic expressions for the standard Dirac wave functions exist. Using them, we applied the perturbation theory developed in Sec. 4 and determined the perturbed eigenvalues of the energy levels. We found explicit expressions for these eigenvalues: the relativistic correction depends linearly on the zeroes of the Airy function Ai(z), but the generalised momentum correction depends quadratically on them; they combine to give an overall negative correction to the zeroth-order values of the energy levels.
As a second application, we analysed in three dimensions a linear triangular potential with dependence on one coordinate and with an infinite well potential in the two others. Even though this problem seemed to be more accessible at first sight, the calculation of the energy levels associated with the contributions of the generalised momenta required numerical calculations. For this example, the overall correction to the energy levels may be positive or negative depending on the ratio c/a.
The approach developed here may be useful in finding constraints on theories based on generalised momenta; its extension to a general curved spacetime background and other systems such as ultra-cold neutrons is worthwhile pursuing. By looking into experiments performed at low energies, we may set up bounds to the deformation parameters and find hints of interactions happening at higher energy levels. 
